We use a BCS-type variational wavefunction to study attractively-interacting quasi onedimensional (1D) fermionic atomic gases, motivated by cold-atom experiments that access the 1D regime using an anisotropic harmonic trapping potential (with trapping frequencies ωx = ωy ωz) that confines the gas to a cigar-shaped geometry. To handle the presence of the trap along the z-direction, we construct our wavefunction from the harmonic oscillator Hermite functions that are the eigenstates of the single-particle problem. Using an analytic determination of the effective interaction among harmonic oscillator states along with a numerical solution of the resulting variational equations, we make specific experimental predictions for how pairing correlations would be revealed in experimental probes like the local density and the momentum correlation function.
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PACS numbers:
In recent years there has been much interest in the phenomena of pairing and superfluidity of trapped fermionic atomic gases [1] [2] [3] . The questions being addressed by experiments with ultracold fermions are quite general and concern the possible many-body phases of interacting fermions as a function of experimentally controllable parameters such as temperature, interaction strength and the densities of various species of fermion.
For the case of two species of fermions, relevant to the analogous problem of interacting spin-1 2 electrons in electronic materials, attractively interacting fermionic atomic gases are predicted to exhibit several interesting many-body phases. These include a homogeneous paired superfluid phase for equal densities of the two species (a "balanced" gas) that undergoes a crossover from Bose-Einstein condensation (BEC) to Bardeen-CooperSchrieffer (BCS) pairing as a function of interfermion interactions, and a spatially-inhomogeneous Fulde-FerrellLarkin-Ovchinnikov [4, 5] (FFLO) superfluid for unequal densities of the two species (an "imbalanced" gas).
Recent experiments [6] have explored two-species, attractively-interacting fermionic atomic gases in a quasi one-dimensional (1D) geometry, of interest since the regime of stability of the FFLO state is theoretically predicted [7, 8] to be much wider than in the 3D case [9] (at least within the simplest mean-field approximation [10] ). These experiments showed a remarkable quantitative agreement between experiment and theory for the local densities n σ (z) of the two species (σ =↑, ↓) of atoms within a theoretical approach that combined exact BetheAnsatz analysis of an infinite 1D gas with the local density approximation (LDA) to handle the spatial variation of the trap.
If the imbalanced superfluid phase of 1D fermion gases posseses FFLO-type pairing correlations (as indicated theoretically [11] [12] [13] [14] [15] ), and if the LDA holds (so that the uniform case phase diagram is relevant for a trapped gas), then trapped imbalanced Fermi gases may provide the best opportunity to observe signatures of FFLO pairing correlations.
However, a central outstanding question concerns how to directly probe pairing correlations in this system. To address this, we have studied trapped attractivelyinteracting Fermi gases in 1D using a variational wavefunction that accounts for the remaining trapping potential along the z-direction without using the LDA. 
1D trapped fermion gas with attractive interactions, normalized to its value at p1 = p2 = 0 (which we callĈM (p1, p2)). This observable, which can be experimentally accessed by a measurement of noise correlations after free expansion of the gas [16] , shows a rapid dependence on the sum of the momenta p1 + p2 (while being almost independent of p1 − p2), providing a probe of fermionic pairing correlations.
The purpose of this letter is to study pairing and interaction effects in quasi-1D trapped fermionic atomic gases. We find that a striking probe of pairing correlations is the in-trap momentum correlation function C M (p 1 , p 2 ) = n p1↑ n p2↓ − n p1↑ n p2↓ with p 1 and p 2 momenta along the z-direction and n pσ the occupation of the state with momentum p and spin σ. This quantity can be determined experimentally by measuring real arXiv:1404.4081v1 [cond-mat.quant-gas] 15 Apr 2014 space atom density correlations after free expansion of the gas, as shown theoretically [16] and implemented experimentally [17] in the 3D case. In the present 1D case, the free expansion would be along the tube axis after lowering the confining potential along the z-direction.
Other recent theoretical work has analyzed expansion of 1D gases, focusing primarily on the imbalanced case [18, 19] . Since our interest is understanding pairing correlations, here we study the balanced gas, using a novel oscillator-basis approach. In Fig. 1 we plot our results for the normalized quantityĈ
showing a strong dependence on p 1 and p 2 , that we can connect to the nature of the underlying pairing correlations as discussed below.
To derive these results, our starting point is a Hamiltonian for an attractively interacting fermion gas confined to a harmonic trap
ω z , such that, at sufficiently low fermion density, we can restrict attention to the lowest oscillator level associated with ω ⊥ . The resulting quasi one-dimensional Hamiltonian, with Ψ σ (z) the field operator for spin-σ, is:
where
and the coupling parameter is λ = −2h 2 /ma 1D with a 1D the one-dimensional scattering length [20] . We proceed by expressing Ψ σ (z) in terms of the harmonic oscillator eigenfunctions ψ n (z) =
2 z H n (z/a z ) (with H n (z) the Hermite polynomial and a z = h/mω z the oscillator length, which we often set to unity below), via: Ψ σ (z) = n ψ n (z)a nσ , where a nσ annihilates a fermion with spin σ in the nth harmonic oscillator level with single-particle energy n =hω z (n + 1 2 ). The system Hamiltonian in this basis is, definingĤ = H/hω z ,
where the normalized single-particle energy isˆ n = n /hω z . Here, we have introduced the dimensionless couplingλ = λ/hω z a z , and λ {ni} is shorthand for (3) characterizing interactions among the oscillator states.
In the absence of interactions, the ground state of H is simply a Fermi gas in the oscillator basis, with harmonic oscillator levels n ≤ n F occupied and n > n F empty. A physically sensible wavefunction that has this limiting case is the following BCS-type variational wavefunction: where u n and v n satisfy the constraint |u n | 2 + |v n | 2 = 1. A trapped quasi 1D Fermi gas is not expected to exhibit long-range pairing order. Thus, Eq. (4) should break down on long length scales due to the absence of long-range phase coherence. However, this wavefunction can capture local pairing correlations and their impact on observables like the local density and density-density correlations in a trapped gas.
With this variational wavefunction, the grand free energy E G = Ĥ −μN (withN the number operator, and µ the normalized chemical potentialμ = µ/hω z ), is:
where we defined ξ n = n + 1 2 −μ. Here and below we focus on zero temperature. In the interaction part of Eq. (5), the first term corresponds to pairing correlations and the second term corresponds to Hartree-Fock correlations. Here, λ m,n ≡ λ n,n,m,m is the effective interaction resulting from our variational ansatz, explicitly given by:
Evaluating integrals of this form for general indices is a difficult task [21] . Although we cannot evaluate the general case, Eq. (3), we have obtained a closedform expression for λ m,n . To do this we use an identity for the square of a Hermite polynomial, H 2 n (z) = 2 n (n!) 
2 that appears in Gradshteyn and Ryzhik [22, 23] . Then, evaluating the remaining summations, we obtain:
with 3 F 2 the generalized hypergeometric function. Although it is not obvious from Eq. (7), λ m,n is indeed symmetric under interchange of its indices. We now proceed with our analysis of Eq. (5). Implementing the constraint with a Lagrange multiplier E n , we find Euler-Lagrange equations that take the form of a Bogoliubov-de Gennes (BdG) eigenvalue problem
where we defined the strength of pairing correlations ∆ n ≡ −λ m λ n,m v * m u m and the Hartree-Fock energy shift U n ≡λ m λ n,m |v m | 2 . Defining the renormalized single-particle energyξ n = ξ n + U n , we obtain the
En , and
En , and the self-consistency conditions
For a given dimensionless interaction parameterλ and system chemical potential µ (determined by the number equation N = Ψ|N |Ψ = 2 n |v n | 2 ), the numerical solution of Eqs. (9) yields predictions for the variational parameters ∆ n and U n , that determine equilibrium ground state properties of this trapped 1D gas.
In Fig. 2 , we plot our numerical results for the pairing amplitude (∆ n ), normalized to its maximum value ∆ max , and the renormalized dispersion (ξ n = n+ 1 2 −μ+U n ) for three coupling values (λ = −5,λ = −15 andλ = −26) For comparison, the coupling in Ref. [6] wasλ −52. We conducted our studies at fixed particle number N = 250, requiring an adjustment ofμ. For our numerical procedure we truncated the sums in Eqs. (9) at an upper cutoff n max = 350 (outside the plotted range of Fig. 2 ). An estimate of the error involved in this truncation comes from the value of |v nmax | 2 = (2.9 × 10 −7 , 1.8 × 10 −4 , 2.6 × 10 −3 ) forλ = −5,λ = −15 andλ = −26, respectively, which we argue to be negligible except perhaps in theλ = −26 case. For this coupling, we fit |v n | 2 to a power law for n close to n max , and obtained a better error estimate by extrapolating this beyond n max and determining the expected number of fermions in levels above n max , which we find to be ∆N 2 ∞ nmax dn |v n | 2 0.5, much smaller than the total particle number.
In the top panel of Fig. 2 , theλ = −5 plot (red dashed) shows ∆ n that is narrowly peaked near the Fermi level n F ≈ 125 (defined by whenξ n comes closest to zero), consistent with the general expectation that pairing is strongest near n F . To further understand the ndependence of the pairing amplitude, we note that, in the weak coupling limit, the sum on the right side of Eq. (9a) is dominated by terms near n F . If we take the dispersion to have the formξ n = n − n F , and keep only the term n = n F in the sum, we obtain ∆ n = 1 2 |λ|λ n,n F , so that the shape of ∆ n approximately reflects the shape of the coupling function Eq. (7). However, we find that this is only quantitatively valid forλ 1, and, with increasing attraction, ∆ n broadens considerably as more levels participate in pairing, as seen by theλ = −15 (blue, shortdashing) andλ = −26 (green, solid) curves of Fig. 2 (top  panel) .
The bottom panel of Fig. 2 shows that the effective dispersion is approximately linear near n F for all coupling values but with a renormalized slope that we characterize by the parameter α, i.e.,ξ n = α(n − n F ) with α → 1 in weak coupling. With increasing coupling, the maximum pairing amplitude increases rapidly (we find ∆ max = 0.71, 14.5 and 50.4 forλ = −5, −15 and −26, respectively), while α increases modestly (as shown by the slopes of the curves in the bottom panel), with α = 1.46 forλ = −26 (that we use below).
We now turn to the question of how interaction effects, reflected in the pairing and Hartree correlations, would be revealed in experiments. A natural observable accessible in cold atom experiments is the axial density as a function of position, given here by
and plotted in Fig. 3 for the same three coupling values. Theλ = −5 curve is almost indistinguishable from the noninteracting caseλ = 0 (not plotted), and only thê λ = −26 result shows a significant difference. To find a sensitive probe of pairing we turn to the momentum correlation function C M (p 1 , p 2 ) = n p1↑ n p2↓ − n p1↑ n p2↓ , with n pσ = c † pσ c pσ the momentum occupation operator. As shown by Altman et al, C M (p 1 , p 2 ) is probed by the real-space noise correlation function C(z 1 , z 2 ) = n ↑ (z 1 )n ↓ (z 2 ) − n ↑ (z 1 ) n ↓ (z 2 ) , of the freely-expanded gas. Thus, assuming the absence of interaction effects during expansion for time t, C(z 1 , z 2 ) is directly proportional to C M (p 1 , p 2 ), with p 1 = mz 1 /t and p 2 = mz 2 /t. Using our variational wavefunction, we find
2 with the sum
where the χ n (p) are the Fourier-transformed harmonic oscillator wavefunctions.
Our results for the momentum correlation function look, qualitatively, like Fig. 1 for all coupling values, where we plotted the normalized functionĈ
is sharply peaked around p 1 + p 2 = 0, and is, approximately, only a function of the sum |p 1 + p 2 | of the momenta. To understand the rapid variation as a function of |p 1 + p 2 |, in Fig. 4 , we plot the equal momenta correlatorĈ M (p 1 , p 1 ) for all three coupling values (using the same color and dashing scheme as above), along with a fourth curve (black dots) that is an approximate analytic evaluation ofĈ M (p 1 , p 2 ) for the case ofλ = −26 that we now describe.
FIG. 4:
The momentum correlation function, CM (p1, p2) in the limit p1 = p2 = p, for a trapped 1D fermionic superfluid, for the same three coupling values as Figs. 2 and 3 . A fourth curve, black dots, depicts the approximate theoretical formula Eq. (13) for the case ofλ = −26 (which should be compared to the green solid curve, our numerical result for this case.
Our approximate form for the correlator follows by noting that the summand of Eq. (4), u * n v n = ∆n 2En , is narrowly peaked for n close to the Fermi level, with an approximate Lorentzian shape for n → n F given by u * n v n 1 2 1 1+(n−n F ) 2 /w 2 , where w = √ 2∆ n F /α approximately represents the number of harmonic oscillator levels that are paired. Expressing the Lorentzian in an integral form,
dλ e −λw cos λ(n − n F ), we can evaluate the sum to get (with Re being the real part):
. The dominant contribution to this integral comes the regime where λ → 0; expanding K e −iλ in this limit yields an integral that can be easily evaluated analytically. Finally taking the limit w n F for simplicity, we find for the normalized correlator:
which we find to be qualitatively accurate, as seen in Fig. 4 , connecting the local pairing and Hartree-Fock correlations to this observable. Within this approximation, the momentum correlator is indeed dependent only on the sum of the momenta. Additionally, we see that the oscillatory variation measures the uppermost occupied oscillator state (Fermi level n F ), and the exponential decay measures the strength of pairing at the Fermi level (via the parameter w).
To conclude, although quasi 1D trapped Fermi gases are not expected to exhibit long-range pairing order, short ranged pairing correlations will be induced by the tunable attractive interactions and can be modeled by the simple variational wavefunction Eq. (4). Our theoretical approach, which does not rely on the LDA (although it treats interaction effects approximately), can easily be implemented for experimentally realistic system parameters and, as shown here, leads to specific predictions for how such pairing correlations impact the momentum correlation function.
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